Almost 2-homogeneous Bipartite Distance-regular Graphs  by Curtin, Brian
Article No. 10.1006/eujc.2000.0399
Available online at http://www.idealibrary.com on
Europ. J. Combinatorics (2000) 21, 865–876
Almost 2-homogeneous Bipartite Distance-regular Graphs
BRIAN CURTIN
Let 0 = (X, R) denote a bipartite distance-regular graph with diameter d ≥ 4, and fix a vertex x
of 0. The Terwilliger algebra of 0 with respect to x is the subalgebra T of MatX (C) generated by A,
E∗0 , E∗1 , . . . , E∗d , where A is the adjacency matrix of 0, and where E∗i denotes the projection onto
the i th subconstituent of 0 with respect to x . Let W denote an irreducible T -module. W is said to be
thin whenever dim E∗i W ≤ 1 (0 ≤ i ≤ d). The endpoint of W is min{i | E∗i W 6= 0}. It is known that
a thin irreducible T -module of endpoint 2 has dimension d − 3, d − 2, or d − 1.
0 is said to be 2-homogeneous whenever for all i (1 ≤ i ≤ d − 1) and for all x , y, z ∈ X with
∂(x, y) = 2, ∂(x, z) = i , ∂(y, z) = i , the number |01(x) ∩ 01(y) ∩ 0i−1(z)| is independent of x ,
y, z. Nomura has classified the 2-homogeneous bipartite distance-regular graphs. In this paper we
study a slightly weaker condition. 0 is said to be almost 2-homogeneous whenever for all i (1 ≤ i ≤
d − 2) and for all x , y, z ∈ X with ∂(x, y) = 2, ∂(x, z) = i , ∂(y, z) = i , the number |01(x) ∩
01(y)∩0i−1(z)| is independent of x , y, z. We prove that the following are equivalent: (i) 0 is almost
2-homogeneous; (ii) 0 has, up to isomorphism, a unique irreducible T -module of endpoint 2 and
this module is thin. Moreover, 0 is 2-homogeneous if and only if (i) and (ii) hold and the unique
irreducible T -module of endpoint 2 has dimension d − 3.
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1. INTRODUCTION
Let 0 = (X, R) denote a bipartite distance-regular graph with diameter d ≥ 4 and valency
k ≥ 3. 0 is said to be 2-homogeneous whenever for all i (1 ≤ i ≤ d − 1) and for all x , y,
z ∈ X with ∂(x, y) = 2, ∂(x, z) = i , ∂(y, z) = i , the number |01(x) ∩ 01(y) ∩ 0i−1(z)|
is independent of x , y, z. The 2-homogeneous bipartite distance-regular graphs have been
studied in [9, 13, 20, 23]. In this paper we study a slightly more general class of graphs. 0
is said to be almost 2-homogeneous whenever for all i (1 ≤ i ≤ d − 2) and for all x , y,
z ∈ X with ∂(x, y) = 2, ∂(x, z) = i , ∂(y, z) = i , the number |01(x) ∩ 01(y) ∩ 0i−1(z)| is
independent of x , y, z.
We begin by giving algebraic characterizations of the 2-homogeneous and almost 2-homoge-
neous properties for bipartite distance-regular graphs. To describe these results we recall a
few facts. Fix a vertex x of 0. The Terwilliger algebra of 0 with respect to x is the subalgebra
T = T (x) of MatX (C) generated by A, E∗0 , E∗1 , . . . , E∗d , where A is the adjacency matrix of
0, and where E∗i denotes the projection onto the i th subconstituent of 0 with respect to x . Let
W denote an irreducible T -module. W is said to be thin whenever dim E∗i W ≤ 1 (0 ≤ i ≤ d).
The endpoint of W is the number min{i | E∗i W 6= 0}, and the diameter of W is the number|{i | 0 ≤ i ≤ d, E∗i W 6= 0}| − 1.
By [22], 0 has a unique irreducible T -module of endpoint zero; it is thin and has diameter
d . By [10], 0 has, up to isomorphism, a unique irreducible T -module of endpoint 1; it is
thin and has diameter d − 2. The irreducible T -modules of endpoint 2 may not be so well
behaved: there may be many non-isomorphic irreducible T -modules of endpoint 2, they need
not be thin, and they may have diameter d − 4, d − 3, or d − 2 [10].
We are ready to state our main results. The following are equivalent: (i) 0 is almost 2-
homogeneous; (ii) 0 has, up to isomorphism, a unique irreducible T -module of endpoint 2
and it is thin. Moreover, 0 is 2-homogeneous if and only if (i) and (ii) hold and the unique
irreducible T -module of endpoint 2 has diameter d − 4.
Once we have an algebraic characterization of the almost 2-homogeneous bipartite distance-
regular graphs, we turn our attention to examples. The 2-homogeneous bipartite distance-
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regular graphs consist of the Hamming cubes and a one-parameter family of graphs with
diameter at most 5 [9, 20]. We show that the additional almost 2-homogeneous bipartite
distance-regular graphs have similar restrictions. The known examples consist of the regular
generalized 2d-gons of order (1, t) (d ∈ {4, 6}, t ≥ 2) and the folded even-diameter cubes.
Any other example belongs to a two-parameter family of graphs with diameter at most 5.
2. PRELIMINARIES
Let 0 = (X, R) denote a finite, connected, undirected graph without loops or multiple edges
with vertex set X and edge set R. Let ∂ denote the shortest path distance function on 0 and let
d denote the diameter of 0. For all x ∈ X , write 0i (x) = {y ∈ X | ∂(x, y) = i} (0 ≤ i ≤ d).
0 is said to be distance-regular whenever for all integers h, i , j (0 ≤ h, i, j ≤ d) and for all
x , y ∈ X with ∂(x, y) = h, the number phi j = |0i (x) ∩ 0 j (y)| is independent of x , y. The
constants phi j (0 ≤ h, i, j ≤ d) are known as the intersection numbers of 0. For more on
distance-regular graphs see [3].
Let 0 = (X, R) denote a bipartite distance-regular graph with diameter d . Then
phi j = 0 if one of h, i , j is larger than the sum of the other two, (1)
phi j 6= 0 if one of h, i , j equals the sum of the other two, (2)
phi j = 0 if h + i + j is odd (3)
for all h, i , j (0 ≤ h, i, j ≤ d) [3, pp. 127, 413]. Set c0 = 0, ci = pi1i−1 (1 ≤ i ≤ d),
bi = pi1i+1 (0 ≤ i ≤ d − 1), bd = 0. Write µ = c2, k = b0. Note that c1 = 1. 0 is regular
with valency k, and k = ci + bi (0 ≤ i ≤ d). We will frequently refer to the intersection
numbers [3, Lemma 4.1.7]
pi2i =
ci (bi−1 − 1)+ bi (ci+1 − 1)
µ
(1 ≤ i ≤ d − 1). (4)
Observe that if k ≥ 3, then
pi2i > 0 (1 ≤ i ≤ d − 1). (5)
Let 0 = (X, R) denote a distance-regular graph with diameter d . Let MatX (C) denote the
C-algebra of matrices with complex entries whose rows and columns are indexed by X . For
each integer i (0 ≤ i ≤ d), let Ai denote the matrix in MatX (C) with (x, y)-entry (Ai )xy = 1
if ∂(x, y) = i , and (Ai )xy = 0 otherwise (x, y ∈ X). Note that A1 is the adjacency matrix of
0. Let I and J denote the identity and the all ones matrices of MatX (C), respectively. Clearly,
d∑
i=0
Ai = J. (6)
Fix any x ∈ X . For each integer i (0 ≤ i ≤ d), let E∗i = E∗i (x) denote the diagonal matrix
in MatX (C) with (y, y)-entry (E∗i )yy = 1 if ∂(x, y) = i , and (E∗i )yy = 0 otherwise (y ∈ X).
Let T = T (x) denote the subalgebra of MatX (C) generated by A1 and E∗0 , E∗1 , . . . , E∗d . The
algebra T is called the Terwilliger (or subconstituent) algebra of 0 with respect to x . For more
on Terwilliger algebras see [22].
Fix h, i , j (0 ≤ h, i, j ≤ d). Observe that for all y, z ∈ X , the (y, z)-entry of E∗i Ah E∗j is
0 or 1, and it is equal to 1 if and only if ∂(x, y) = i , ∂(y, z) = h and ∂(x, z) = j . Thus,
E∗i Ah E∗j 6= 0 if and only if pih j 6= 0. (7)
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By the standard module for MatX (C), we mean the vector space V = C|X | of column
vectors whose coordinates are indexed by X . Observe that MatX (C) acts faithfully on V by
left multiplication. By a T -module we mean a subspace W ⊆ V such that T W ⊆ W . A
T -module is said to be irreducible whenever it is non-zero and contains no T -modules other
than 0 and itself. Let W denote an irreducible T -module. The endpoint of W is the number
r := min{i | 0 ≤ i ≤ d, E∗i W 6= 0}, and the diameter of W is the number s := |{i | 0 ≤ i ≤
d, E∗i W 6= 0}| − 1. By [22, Lemma 3.9(iii)], E∗i W 6= 0 if and only if r ≤ i ≤ r + s. W is
said to be thin whenever dim E∗i W ≤ 1 (0 ≤ i ≤ d). When W is thin, s = dim W − 1.
We endow V with the hermitian inner product defined by 〈u, v〉 = ut v¯ (u, v ∈ V ). Let Vi
(0 ≤ i ≤ d) denote the sum of all irreducible T -modules of endpoint i . Then
V = V0 + V1 + · · · + Vd (orthogonal direct sum). (8)
For all i (0 ≤ i ≤ d), let ψi : V → Vi denote the orthogonal projection of V onto Vi .
Henceforth we shall identify ψi (0 ≤ i ≤ d) with the matrix in MatX (C) which acts as ψi
does on V . With this convention we have the following.
LEMMA 2.1 ([10, LEMMA 3.8]). With the above notation,
ψi ∈ T (0 ≤ i ≤ d),
ψiψ j = δi jψi (0 ≤ i, j ≤ d),
d∑
i=0
ψi = I,
ψi t = tψi (∀t ∈ T, 0 ≤ i ≤ d), (9)
E∗i ψ j = 0 (0 ≤ i < j ≤ d). (10)
3. ALMOST 2-HOMOGENEOUS GRAPHS
Let 0 = (X, R) denote a bipartite distance-regular graph with diameter d ≥ 4 and valency
k ≥ 3. Fix x ∈ X , and write E∗i = E∗i (x) (0 ≤ i ≤ d), T = T (x). We prove that the
following are equivalent: (i) 0 is almost 2-homogeneous; (i) 0 has, up to isomorphism, a
unique irreducible T -module of endpoint 2 and it is thin. Moreover, 0 is 2-homogeneous if
and only if (i) and (ii) hold and the unique irreducible T -module of endpoint 2 has diameter
d − 4.
LEMMA 3.1. Let 0 = (X, R) denote a bipartite distance-regular graph with diameter
d ≥ 4 and valency k ≥ 3. Fix x ∈ X, and write E∗i = E∗i (x) (0 ≤ i ≤ d). Let T denote the
Terwilliger algebra of 0 with respect to x.
(i) E∗1 A1 E∗2 and E∗1 A3 E∗2 are linearly independent.
(ii) E∗i Ai−2 E∗2 , E∗i Ai E∗2 , and E∗i Ai+2 E∗2 are linearly independent for all i (2 ≤ i ≤
d − 2).
(iii) E∗d−1 Ad−3 E∗2 and E∗d−1 Ad−1 E∗2 are linearly independent.
(iv) E∗d Ad−2 E∗2 6= 0.
PROOF. The matrices are all non-zero by (2), (5), and (7). Their non-zero entries are in
distinct positions, so they are linearly independent. 2
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DEFINITION 3.2. Adopt the notation of Lemma 3.1. For all i (1 ≤ i ≤ d), let 3i = 3i (x)
denote the matrix in MatX (C) with (z, y)-entry
(3i )zy =
{ |01(x) ∩ 01(y) ∩ 0i−1(z)| if ∂(x, y) = 2, ∂(x, z) = ∂(y, z) = i ,
0 otherwise (y, z ∈ X).
LEMMA 3.3. With the notation of Lemma 3.1,
31 = E∗1 A1 E∗2 , 3i = E∗i Ai−1 E∗1 AE∗2 − µE∗i Ai−2 E∗2 (2 ≤ i ≤ d). (11)
In particular, 3i ∈ E∗i T E∗2 (1 ≤ i ≤ d).
PROOF. Compare each entry of the matrices. For all i (2 ≤ i ≤ d) and for all y, z ∈ X , the
(z, y)-entry of E∗i Ai−1 E∗1 AE∗2 is |01(x)∩01(y)∩0i−1(z)| if ∂(x, y) = 2, z ∈ 0i (x)∩0i (y),
it is µ if ∂(x, y) = 2, z ∈ 0i (x) ∩ 0i−2(y), and it is 0 otherwise. 2
LEMMA 3.4. Adopt the notation of Lemma 3.1.
(i) E∗i Ai−2 E∗2 , 3i , and E∗i Ai+2 E∗2 are linearly independent for all i (2 ≤ i ≤ d − 2).(ii) E∗d−1 Ad−3 E∗2 and 3d−1 are linearly independent.(iii) 3d = µE∗d Ad E∗2 .
PROOF. For (i) and (ii) argue as in Lemma 3.1.
For (iii) fix y ∈ 02(x). If 0d(x) ∩ 0d(y) = ∅, then 3d = µE∗d Ad E∗2 = 0. Otherwise
01(x) ∩ 01(y) ⊆ 0d−1(z) for all z ∈ 0d(x) ∩ 0d(y), so the result follows. 2
LEMMA 3.5. With the notation of Lemma 3.1, fix i (2 ≤ i ≤ d − 2). Then the following
are equivalent.
(i) E∗i Ai−2 E∗2 , 3i , E∗i Ai E∗2 , and E∗i Ai+2 E∗2 are linearly dependent.(ii) 3i and E∗i Ai E∗2 are linearly dependent.(iii) For all y, z ∈ X with ∂(x, y) = 2, ∂(x, z) = ∂(y, z) = i , the number
γi := |01(x) ∩ 01(y) ∩ 0i−1(z)| is independent of y, z.
When (i)–(iii) hold, 3i = γi E∗i Ai E∗2 .
Note: For all y, z ∈ X with ∂(x, y) = 2, ∂(x, z) = ∂(y, z) = 1, the number
γ1 := |01(x) ∩ 01(y) ∩ 00(z)| = 1.
PROOF. (i)⇒(ii). Clear from Lemmas 3.1(ii) and 3.4(i).
(ii)⇒(i). Clear.
(ii)⇔(iii). Immediate from entrywise comparison of the matrices of (ii).
When (i)–(iii) hold, entrywise comparison shows E∗i Ai E∗2 = γi3i . 2
LEMMA 3.6. With the notation of Lemma 3.1, the following are equivalent.
(i) E∗d−1 Ad−3 E∗2 , 3d−1, and E∗d−1 Ad−1 E∗2 are linearly dependent.(ii) 3d−1 and E∗d−1 Ad−1 E∗2 are linearly dependent.(iii) For all y, z ∈ X with ∂(x, y) = 2, ∂(x, z) = ∂(y, z) = d − 1, the number
γd−1 := |01(x) ∩ 01(y) ∩ 0d−2(z)| is independent of y, z.
When (i)–(iii) hold, 3d−1 = γd−1 E∗d−1 Ad−1 E∗2 .
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PROOF. Similar to that of Lemma 3.5. 2
We now turn our attention to the T -module structure. We begin by recalling a few facts
about the irreducible T -modules with endpoint at most 2.
LEMMA 3.7 ([10, COROLLARY 5.9] [22, LEMMA 3.6]). Adopt the notation of
Lemma 3.1.
(i) There is a unique irreducible T -module of endpoint 0. It is thin and has diameter d.
(ii) ψ0 E∗i T E∗2 has basis {E∗i J E∗2 | 0 ≤ i ≤ d}. Hence, dimψ0 E∗i T E∗2 = 1 (0 ≤ i ≤ d).
LEMMA 3.8 ([10, THEOREM 7.6, COROLLARY 7.7]). Adopt the notation of Lemma 3.1.
(i) Up to isomorphism, there exists a unique irreducible T -module of endpoint 1. It is thin
and has diameter d − 2.
(ii) ψ1T E∗2 has basis {ψ1 E∗i Ai−1 E∗1 AE∗2 | 1 ≤ i ≤ d − 1}. Hence, dimψ1 E∗i T E∗2 = 1 if
1 ≤ i ≤ d − 1, and 0 otherwise.
LEMMA 3.9. Adopt the notation of Lemma 3.1.
(i) [10, Theorem 10.1], [11]. There exists an irreducible T -module of endpoint 2, and any
irreducible T -module of endpoint 2 had diameter d − 2, d − 3, or d − 4.
(ii) [10, Theorem 9.4, Lemma 10.2] Let W denote an irreducible T -module of endpoint
2, and let s denote the diameter of W . Pick any non-zero v ∈ E∗2 W , and write v+i =
E∗i Ai−1 E∗2v, v
−
i = E∗i Ai+2 E∗2v (1 ≤ i ≤ d). Then the following are equivalent.
(a) W is thin.
(b) There exist scalars νi = νi (W ) such that v−i = νiv+i (2 ≤ i ≤ s + 2).
(c) W has basis v+2 , v+3 , . . . , v+s+2.
(iii) [10, Lemma 10.10] Let W , W ′ denote thin irreducible T -modules of endpoint 2. Then
W , W ′ are isomorphic if and only if ν2(W ) = ν2(W ′), where ν2 is as in (iib).
LEMMA 3.10. With the notation of Lemma 3.1,
ψ2(E∗i Ai−2 E∗2 + E∗i Ai E∗2 + E∗i Ai+2 E∗2 ) = 0 (2 ≤ i ≤ d − 2), (12)
ψ2(E∗i Ai−2 E∗2 + E∗i Ai E∗2 ) = 0 (d − 1 ≤ i ≤ d), (13)
ψ2(3i + µE∗i Ai−2 E∗2 ) = 0 (2 ≤ i ≤ d). (14)
PROOF. By (1), (3), (6), and (7), E∗i J E∗2 = E∗i Ai−2 E∗2 + E∗i Ai E∗2 + E∗i Ai+2 E∗2 (0 ≤
i ≤ d) (with Ad+1 = Ad+2 = 0). Now (12) and (13) follow from Lemmas 2.1 and 3.7.
Equation (14) follows from (9)–(11) and Lemmas 2.1 and 3.8. 2
THEOREM 3.11. With the notation of Lemma 3.1, the following are equivalent.
(i) 0 is almost 2-homogeneous.
(ii) The conditions (i)–(iii) of Lemma 3.5 hold for all i (2 ≤ i ≤ d − 2).
(iii) ψ2 E∗i Ai−2 E∗2 and ψ2 E∗2 Ai+2 E∗2 are linearly dependent for all i (2 ≤ i ≤ d − 2).(iv) Up to isomorphism, there is a unique irreducible T -module of endpoint 2 and it is thin.
(v) dim E∗i T E∗2 = 3 for all i (2 ≤ i ≤ d − 2).(vi) E∗i T E∗2 has basis E∗i Ai−2 E∗2 , E∗i Ai E∗2 , E∗i Ai+2 E∗2 for all i (2 ≤ i ≤ d − 2).
870 B. Curtin
PROOF. (i)⇔(ii). Compare the definition of almost 2-homogeneous with Lemma 3.5(iii).
(ii)⇒(iii). By Lemma 3.5(ii), ψ23i , ψ2 E∗i Ai E∗2 are linearly dependent (2 ≤ i ≤ d − 2).
Now the result follows from (12) and (14).
(iii)⇒(iv). There exist scalars νi such that ψ2 E∗i Ai+2 E∗2 = νiψ2 E∗2 Ai−2 E∗2 (2 ≤ i ≤
d − 2). Let W denote any irreducible T-module of endpoint 2, and pick any non-zero v ∈
E∗2 W . Now E∗i Ai+2 E∗2v = νi E∗2 Ai−2 E∗2v (2 ≤ i ≤ d) (with Ad+1 = Ad+2 = 0, νd−1 =
νd = 0), so W is thin by Lemma 3.9(ii). Uniqueness follows from Lemma 3.9(iii) since ν2 is
independent of W .
(iv)⇒(v). Fix i (2 ≤ i ≤ d − 2). By (8) and Lemma 2.1, dim E∗i T E∗2 = dimψ0 E∗i T E∗2 +
dimψ1 E∗i T E∗2 + dimψ2 E∗i T E∗2 . Observe that dimψ0 E∗i T E∗2 = dimψ1 E∗i T E∗2 = 1 by
Lemmas 3.7 and 3.8. By assumption there is, up to isomorphism, a unique irreducible T -
module of endpoint 2 and it is thin. By Lemma 3.9(i), this module has diameter at least d − 4.
Since V is a faithful module, it follows that dimψ2 E∗i T E∗2 = 1 (2 ≤ i ≤ d − 2) (see also
[10, Lemma 11.9]).
(v)⇒(vi). Immediate from Lemma 3.1(ii).
(vi)⇒(ii). Observe that (vi) implies Lemma 3.5(i). 2
THEOREM 3.12. Adopt the notation of Lemma 3.1. Then the following are equivalent.
(i) 0 is 2-homogeneous.
(ii) 0 is almost 2-homogeneous and one of the following holds.
(a) The conditions (i)–(iii) of Lemma 3.6 hold.
(b) ψ2 E∗d−1 Ad−3 E∗2 = 0.(c) The unique irreducible T -module of endpoint 2 has diameter d − 4.
(d) dim E∗d−1T E∗2 = 2.(e) E∗d−1T E∗2 has basis E∗d−1 Ad−1 E∗2 , E∗d−1 Ad−3 E∗2 .
(iii) 0 has, up to isomorphism, a unique irreducible T -module of endpoint 2, this module is
thin, and it has diameter d − 4.
PROOF. (i)⇔(ii). To see that conditions (i) and (iia) are equivalent, compare the definition
of 2-homogeneous with that of almost 2-homogeneous and Lemma 3.6(iii). To complete the
proof of (i)⇔(ii) we assume that 0 is almost 2-homogeneous and show that (iia)–(iie) are
equivalent.
(iia)⇒(iib). By Lemma 3.6(ii), ψ23d−1, ψ2 E∗d−1 Ad−1 E∗2 are linearly dependent. Now the
result follows from (13) and (14).
(iib)⇒(iic). The unique irreducible T -module has diameter at least d − 4 by Lemma 3.9(i)
and at most d − 4 by (iib) and Lemma 3.9(ii)c.
(iic)⇒(iid). Similar to Theorem 3.11(iv)⇒(v). Here (iic) implies dimψ2 E∗D−1T E∗2 = 0.
(iid)⇒(iie). Immediate from Lemma 3.1(iii).
(iie)⇒(iia). Observe that (iie) implies Lemma 3.6(i).
(ii)⇔(iii). Immediate from Theorem 3.11 and (iic). 2
A complete description of all irreducible T -modules for the d-cubes appears in [14] and for
the remaining 2-homogeneous bipartite distance-regular graphs in [12].
We conclude this section by commenting on the cases d = 3 and k = 2 which were not
considered above. Let 0 denote a bipartite distance-regular graph with diameter 3. Then the
almost 2-homogeneous condition is vacuously satisfied. The arguments of this section can
be modified to show that the T -module structure is consistent with the larger diameter case.
The irreducible T -modules of endpoint 0 and 1 are as in Lemmas 3.7 and 3.8. If 0 is not
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2-homogeneous, then it has, up to isomorphism, a unique irreducible T -module, this module
is thin and it has diameter 1. 0 is 2-homogeneous if and only if it has no irreducible T -
module of endpoint 2. (Note: 0 is 2-homogeneous if and only if it is the complement of the
(k + 1) × 2 grid). Now let 0 denote a bipartite distance-regular graph with valency 2. Then
0 is an even-order cycle, which is vacuously 2-homogeneous. The irreducible T -modules of
endpoint 0 and 1 are as in Lemmas 3.7 and 3.8 and there are no other irreducible T -modules
[6, Lemma 15.7], [22, p. 206].
4. EXAMPLES
We present all examples of almost 2-homogeneous bipartite distance-regular graphs known
to us. The reader is referred to [3] for details concerning the graphs named in this section.
We begin with a summary of the 2-homogeneous case. Next, we present two additional fami-
lies of almost 2-homogeneous bipartite distance-regular graphs to complete the list of known
examples. We then give some restrictions that any new example must satisfy.
THEOREM 4.1 ([20, 23]). Let 0 = (X, R) denote a bipartite distance-regular graph with
diameter d ≥ 3 and valency k ≥ 2. 0 is 2-homogeneous if and only if it is one of the following.
(i) the 2d-cycle;
(ii) the d-cube;
(iii) the complement of the (k + 1)× 2 grid;
(iv) a Hadamard graph of order k = 4γ (γ an integer), i.e., d = 4 and (b0, b1, b2, b3) =
(c4, c3, c2, c1) = (4γ, 4γ − 1, 2γ, 1);(v) a distance-regular graph with d = 5 and (b0, b1, b2, b3, b4) = (c5, c4, c3, c2, c1) =
(k, k− 1, k−µ,µ, 1), where k = γ (γ 2+ 3γ + 1) and µ = γ (γ + 1) for some integer
γ ≥ 2.
The graphs of (v) are related to strongly regular graphs with strongly regular subcon-
stituents [4], [5, Theorem 4.5], special 3-designs [5], and spin models [15, 16]. However,
no examples with γ ≥ 3 are known. When γ = 2 it is uniquely realized by the antipodal
double-cover of the Higman–Sims graph.
The remaining known almost 2-homogeneous bipartite distance-regular graphs have either
µ = 1 or µ = 2. The following result will be used to characterize each case.
THEOREM 4.2 ([9, THEOREM 4.3]). Let 0 = (X, R) denote a bipartite distance-regular
graph with diameter d ≥ 3 and valency k ≥ 3. Fix i (1 ≤ i ≤ d − 1). Then the following are
equivalent.
(i)
(bi−1 − 1)(ci+1 − 1) = (µ− 1)pi2i . (15)
(ii) There exist y, z ∈ X such that ∂(y, z) = i and such that for all x ∈ X with ∂(x, y) = 2
and ∂(x, z) = i , |01(x) ∩ 01(y) ∩ 0i−1(z)| is independent of x.(iii) For all x, y, z ∈ X with ∂(x, y) = 2, ∂(x, z) = i , ∂(y, z) = i ,
|01(x) ∩ 01(y) ∩ 0i−1(z)| = ci (bi−1 − 1)/pi2i . (16)
When (i)–(iii) hold, we write γi to denote the number on each side of (16).
We describe all almost 2-homogeneous bipartite distance-regular graphs with µ = 1.
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THEOREM 4.3 ([3, PP. 200–201 AND THEOREM 6.5.1]). Let 0 = (X, R) denote a
graph. Let d ≥ 3 and k ≥ 2 be integers. Then the following are equivalent.
(i) 0 is a regular generalized 2d-gon of order (1, k − 1).
(ii) 0 is the incidence graph of a regular generalized d-gon of order (k − 1, k − 1).
(iii) 0 is a bipartite distance-regular graph with diameter d, valency k, and ci = 1 (1 ≤
i ≤ d − 1).
Suppose (i)–(iii) hold and k ≥ 3. Then d ∈ {3, 4, 6}.
THEOREM 4.4. Let 0 denote a bipartite distance-regular graph with diameter d ≥ 3 and
valency k ≥ 3. Then the following are equivalent.
(i) 0 is almost 2-homogeneous and µ = 1.
(ii) 0 is a regular generalized 2d-gon of order (1, k − 1).
PROOF. (i)⇒(ii). Observe that (bi−1− 1)(ci+1− 1) = 0 (1 ≤ i ≤ d − 2) by Theorem 4.2.
Thus for all i (1 ≤ i ≤ d − 2), either bi−1 = 1 or ci+1 = 1. If ci = 1 (1 ≤ i ≤ d − 1), then
we are done. Otherwise, pick j minimal such that c j+1 > 1. By the choice of j , b j−1 = 1 and
c j = 1. Now b j = 1 since the b j are non-increasing [3, Proposition 4.1.6], so k = b j+c j = 2,
a contradiction. Thus ci = 1 (1 ≤ i ≤ d − 1).
(ii)⇒(i). Observe that (15) holds for all i (1 ≤ i ≤ d − 2) since both sides are zero. The
result follows from Theorem 4.2. 2
Before proceeding, we mention a few non-examples. By [8], a bipartite distance-regular
graph with k ≥ 3 and c3 = 1 has only thin irreducible T -modules if and only if it is a
regular generalized octagon. Thus the regular generalized dodecagons of order (1, t) (t ≥ 2)
have a non-thin irreducible T -module, although those of endpoint at most 2 are thin. Using
Theorem 4.4 and [11, Lemma 5.4] we may deduce that the Foster graph [3, Section 13.2A]
has a non-thin irreducible T -module of endpoint 2.
We describe all almost 2-homogeneous bipartite distance-regular graphs with µ = 2.
LEMMA 4.5. Let 0 = (X, R) denote a bipartite distance-regular graph with diameter
d ≥ 3 and valency k ≥ 3, and suppose µ ≥ 2. Fix an integer i (1 ≤ i ≤ d − 1), and assume
that the equivalent conditions (i)–(iii) of Theorem 4.2 hold at i . Then 0 < γi < µ.
PROOF. Suppose γi = 0. Then bi−1 = 1 by (16). If i = 1, then this implies k = 1, a
contradiction. Otherwise µ = 1 by (5) and (15), also a contradiction. Thus γi 6= 0. Suppose
γi = µ. Then bi (ci+1 − 1) = 0 by (4) and (16), forcing ci+1 = 1. Thus µ = 1 since the ci
are non-decreasing [3, Proposition 4.1.6]. This is a contradiction, so γi 6= µ. 2
THEOREM 4.6 ([2, 18, 21]). Let 0 = (X, R) denote a bipartite distance-regular graph
with diameter d ≥ 3. The following are equivalent.
(i) 0 is either the d-cube or the folded 2d-cube.
(ii) ci = i (0 ≤ i ≤ d − 1).
THEOREM 4.7. Let 0 denote a bipartite distance-regular graph with diameter d ≥ 3 and
valency k ≥ 3. Then the following are equivalent.
(i) 0 is almost 2-homogeneous and µ = 2.
(ii) 0 is the d-cube or the folded 2d-cube.
(iii) 0 is almost 2-homogeneous, µ ≥ 2, and γi = 1 (1 ≤ i ≤ d − 2).
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(iv) 0 is almost 2-homogeneous, µ ≥ 2, and γ2 = 1.
PROOF. (i)⇒(ii). Observe that (15) holds for all i (1 ≤ i ≤ d − 2), so by (4)
2(bi−1 − 1)(ci+1 − 1) = ci (bi−1 − 1)+ bi (ci+1 − 1) (1 ≤ i ≤ d − 1).
A straightforward induction gives ci = i (0 ≤ i ≤ d − 1), so (ii) holds by Theorem 4.6.
(ii)⇒(iii). By Theorem 4.6, (15) holds and γi = 1 by (16) for all i (1 ≤ i ≤ d − 2).
(iii)⇒(iv). Clear.
(iv)⇒(i). Immediate from (4) and (15) since the ci are non-decreasing. 2
We know of no almost 2-homogeneous bipartite distance-regular graphs with µ ≥ 3 other
than those which are 2-homogeneous. However, we shall now show that any such new exam-
ple must have diameter 4 or 5 and have intersection numbers given by rational expressions in
two real parameters. Furthermore, such an example cannot be Q-polynomial.
THEOREM 4.8. Let 0 = (X, R) denote a bipartite distance-regular graph with valency
k ≥ 3, diameter d ≥ 3, and µ ≥ 3. For all p, m ∈ C the following are equivalent.
(i)
ci = (p
2i − 1)(mp2 − 1)
(p2 − 1)(mp2i − 1) (0 ≤ i ≤ d − 1), (17)
bi = (m
2 p2i − 1)(mp2 − 1)
m(p2 − 1)(mp2i − 1) (0 ≤ i ≤ d − 1) (18)
with all denominators non-zero.
(ii) 0 is almost 2-homogeneous, and
(p + p−1)2 = (k − 2)µ
2
(k − µ)(µ− 1) , (19)
m = (µ− 1)p
−2 − 1
(µ− 1)p2 − 1 . (20)
Suppose (i) and (ii) hold. Then m and p are real, m 6= 0, m 6= p−2i (0 ≤ i ≤ d − 1), p 6= 0,
p 6= 1, p 6= −1, and
γi = (mp
2 − 1)(mp2+2i − 1)
(mp4 − 1)(mp2i − 1) (1 ≤ i ≤ d − 2). (21)
Moreover, 0 is 2-homogeneous if and only if m = −p−d .
PROOF. (i)⇒(ii). Given (17) and (18), one easily verifies that (15) holds for all i (1 ≤ i ≤
d − 2). Thus it is almost 2-homogeneous by Theorem 4.2.
(ii)⇒(i). Since µ ≥ 3, (p + p−1)2 > 2 by (19). Thus p is real and not 0, 1, or −1. The
denominator of the right-hand side of (20) is zero if and only if p2 = 1/(µ − 1). However,
in (19) this implies µ = 2, a contradiction. Thus p2 6= 1/(µ − 1). Similarly, m = 0 if
and only if p2 = µ − 1. In (19) this implies p4 = 1, which contradicts the fact that p is
real and not 1 or −1. Thus m 6= 0. In (20), the possibility m = p−2 j for some positive
integer j gives µ = (p2 + 1)(p2 j − p2)/(p2 j − p4). In (19) this value of µ gives k =
p−2 j (p2 j + 1)(p2 − p2 j )/(p2 − 1). This is impossible because k is positive and the factors
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p2 − p2 j and p2 − 1 have opposite signs. Thus m 6= p−2 j (0 ≤ j ≤ d − 1). In particular, all
denominators in (i) and (ii) are non-zero.
Since c0 = 0 and c1 = 1, (17) holds at i = 0, 1. Solving (20) for c2 = µ gives (17) at
i = 2. Solving (19) for b0 = k gives (18) at i = 0. Using (17), (18) gives b0 = bi + ci
(0 ≤ i ≤ d − 1), so (17) implies (18) for all i (0 ≤ i ≤ d − 1). Fix i (2 ≤ i ≤ d − 2) and
assume by induction that (17) and (18) hold at i . Solving (4) and (15) for ci+1 in terms of m
and p gives (17) at i + 1. Thus (17) and (18) hold by induction, and (21) follows from (16).
Suppose (i) and (ii) hold. Then comparing the parameterization of (i) with the parametric
characterization of the 2-homogeneous bipartite distance-regular graphs which appears in [9,
Theorem 35], we see that 0 is 2-homogeneous if and only if m = −p−d . 2
LEMMA 4.9. Let 0 = (X, R) denote an almost 2-homogeneous bipartite distance-regular
graph with valency k ≥ 3 and µ ≥ 3. Then 0 has diameter d ≤ 5.
PROOF. Suppose d > 5, so b5 is positive and given by (18). We claim that
b5 = (µ− γ2)(µ− γ2 − γ
2
2 )
(γ2 − 1)(µ2γ2 + γ 22 − µ2)
. (22)
To verify (22), use (17)–(21). Referring to the right-hand side of (22), the numerator minus
the denominator is non-negative. Thus γ2(µ − 1)(2µ − 2γ2 − µγ2) ≥ 0. This is impossible
since µ ≥ 3 and γ2 ≥ 2 by Theorem 4.7. Thus d ≤ 5. 2
We now summarize the results of this section.
THEOREM 4.10. Let 0 = (X, R) denote a distance-regular graph with diameter d ≥ 4
and k ≥ 3. Then 0 is bipartite and almost 2-homogeneous if and only if it is one of the
following.
(i) A 2-homogeneous bipartite distance-regular graph (Theorem 4.1).
(ii) An incidence graph of a regular generalized 2d-gon of order (1, k − 1) (Theorem 4.4).
(iii) A folded even-diameter cube (Theorem 4.7).
(iv) A distance-regular graph with µ ≥ 3, 4 ≤ d ≤ 5, and intersection numbers given by
Theorem 4.8.
Let 0 = (X, R) denote a Q-polynomial bipartite distance-regular graph with valency k ≥ 3
and diameter d ≥ 4. Assume that 0 is not the d-cube or the folded 2d-cube. Caughman [6,
Theorem 15.4] has specialized Leonard’s parametric characterization of the Q-polynomial
distance-regular graphs [1, 17] to this case, giving the intersection number of 0 in terms of two
parameters, q and s∗. (This notation agrees with that of [1, Theorem III.5.1].) Furthermore,
Caughman [6, Corollary 15.9] has shown that every irreducible T -module is thin and that,
up to isomorphism, there are at most two irreducible T -modules of endpoint 2—possibly
one of diameter d − 2 and possibly one of diameter d − 4—with explicit formulas for their
multiplicities given in terms of q and s∗.
The similarities between the almost 2-homogeneous and Q-polynomial bipartite distance-
regular graphs raises the question of when these two families coincide. Except for the regular
generalized polygons, all of the known examples discussed above are Q-polynomial. Caugh-
man’s results imply that there are no further examples.
The module of diameter d − 2 vanishes precisely when s∗ = −q−d−1. By Theorem 3.12,
this is the 2-homogeneous case. The parameterization of Leonard’s theorem reduces to that
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of Theorem 4.8 (and of [9, Theorem 35]) with (q + q−1)2 = (p + p−1)2 and m = −p−d .
Indeed, all 2-homogeneous bipartite distance-regular graphs are Q-polynomial.
The module of diameter d − 4 vanishes precisely when s∗ = q−2d−1. By Theorem 3.11,
this is the almost 2-homogeneous but not 2-homogeneous case. In this case the hypotheses
of [7, Theorem 1.1] are met. However, this result states that there are no examples meeting
the conditions we have set out. Thus the only almost 2-homogeneous bipartite distance-regular
graphs which are Q-polynomial are those with diameter 3, those which are 2-homogeneous,
and the folded even-diameter cubes.
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